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Abstract 

This a brief review on F (T) gravity and its relation with k-essence. Modified teleparallel 
gravity theory with the torsion scalar has recently gained a lot of attention as a possible 
explanation of dark energy. We perform a thorough reconstruction analysis on the so-called 
F(T) models, where F(T) is some general function of the torsion term, and deduce the required 
conditions for the equivalence between of F(T) models with pure kinetic k-essence models. 
We present a new class of models of F(T)-gravity and k-essence. 
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1 Introduction 

Recent astrophysical data imply that the current expansion of the universe is accelerating [F . There 
exist different candidates for this acceleration phase. The simplest one is the introduction of the 
Cosmological Constant A in the framework of General Relativity (ACDM model), namely an exotic 
form of energy (the dark energy) whose Equation of State (EoS) parameter w is equal to minus one 
and dynamically remains near this value, but in principle quintessence/phantom- fluid description 
is not excluded. Despite the fact that the ACDM is a good candidate to describe our universe, the 
finite but very small value of the A causes some well-known problems, like the difference between 
the order of A predicted by quantum field theory which is so called by fine-tuning, another problem 
is the time where such acceleration happen which is the coincidence problem. Further, the origin of 
dark energy is an unsolved question. Also, the existence of an early accelerated epoch, namely the 
inflation, introduces a new problem to the standard cosmology, and various proposals to construct 
acceptable inflationary model which exist like the scalar, spinor SU(2), (non-)abelian vector theory 
{SU(2)) U{1) and so on. 

Another alternative approach to the dark energy puzzle is the modified gravity theories. A typ- 
ical modified gravity is a generalization of Einstein's gravity, where some combination of curvature 
invariants is added into the classical Hilbert-Einstein action of General Relativity. This modifi- 
cation may lead to an accelerated era without invoking the dark energy. The simplest theory of 
modified gravity is the F(R) one, where the modification is given by a function of the Ricci scalar 
only. Another popular modification is given by the string- inspired Gauss-Bonnet modified theories, 
where a modification via the topological invariant four dimensional Gauss Bonnet G appears (see 
the recent reviews 0-Q3]). Also it can be represented by the f(R,T) models where T is the trace 
of the energy- momentum tensor [2]- [IB]. The field equations of these theories are much more 
complicated with respect to the case of General Relativity, since they are 4th order differential 
equations and it is so difficult to obtain the exact solutions. 

Recently a new type of gravity model, the F(T)-gravity, has been proposed. Its field equations 
are 2nd order [T7]-[T5]. These models are based on the " teleparallel" equivalent of General Relativ- 
ity (TEGR) [H]-[2S], which, instead of using the curvature defined via the Levi-Civita connection, 
uses the Weitzenbock connection that has no curvature but only torsion (see Refs. [H]-[1S] for ap- 
plications to inflation). The fact that the field equations of F(T) gravity are 2nd order makes these 
theories simpler than the ones where modification is via curvature invariants and it is of extreme 
interest a deeper investigation on this kind of models (see Refs. [26]- [40] for recent developments). 

In this paper we give a brief review on F(T) gravity and its relation with k-essence. We study 
some F(T) -models and models of k-essence. In the following sections 2 and 3 we present some 
basic facts on F(T) gravity. In the section 4, we study some models of F(T) gravity for the FRW 
spacetime. Noether symmetry in F(T) gravity was considered in the section 5. In Sec. 5, we 
consider the torsion-scalar model. We investigate k-essence and its models in Sec. 7 and in Sec. 
8. Sec. 9 is devoted to the study of the relation between F(T) gravity and k-essence and in Sec. 
10 we present some generalizations of F(T) gravity. In the last section we give conclusions and 
general remarks. 



2 



2 General aspects of F(T) gravity 



The action of F(T) - gravity reads [T7l[T8j[26] 

S = I i Cil .r. 

where 



(1) 



(2) 



Here T is the torsion scalar, e = det (eV) = y/—g and C m is the matter Lagrangian. Here are 
the components of the vierbein vector field in the coordinate basis = ef^d^ . Note that in the 
teleparallel gravity, the dynamical variable is the vierbein field e J 4(x M ). To derive the equations of 
motion we consider the metric 



ds 2 = g^ v dx^dx v = i] ab > 



•tanb 



where 



r = e a u dx" , dx" = e/0 Q , 



(3) 



(4) 



g^v being the metric of space-time, "q a b the Minkowski's metric, 9 a the tetrads and e a M and their 
inverses e a M the tetrads basis. We note that the tetrad basis satisfy the relations 



fi^a "fi> " u b ■ 

The root of the metric determinant is given by 

e = ^=det[e\}. 
The standard Weitzenbok's connection reads 

r° —e a P)p i — — p l f) p a 

As a result, the covariant derivative, denoted by -D^, satisfies the equation 

IVt = d,el - T^e\ = 0. 
Then the components of the torsion and the contorsion are given by 



r Q _ r a — P a (f) pi —Bp 1 \ 



_ (rpfLV rpVfl rp [J.V\ 

2 a a 



Now we define another tensor from the components of torsion and the contorsion as 
Finally, we define the torsion scalar as usual 



rp rpOt q jlV 

1 1 fAI/^Ci 1 



(5) 

(6) 

(7) 

(8) 

(9) 
(10) 

(11) 
(12) 



Let us derive the equations of motion from the Euler-Lagrange equations. In order to use these 
equations we first write the quantities 







fir Fir 
- = F(T)ee/ + eF T (T)ie a ^ ua Sf 



de a , 



and 



dL 

d{d a e%) 



= -4F T (T)d a (ee^S^) - 4ee a a S^ a d a T F TT (T) + d Q 



d(d a e%) 



(13) 



(14) 
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where F T (T) = dF(T)/dT and F TT (T) = d 2 F(T)/dT 2 . Now we use the Euler-Lagrange equation 



de a „ 



dC 



d{d a e%) 



= 



(15) 



Substituting the expressions (|13[) and (|14j) into the later equation we get the equations of motion 
of the F(T) gravity (after mulltiplying by e~ 1 e a g/4) 



S^ a d a TF TT (T) + [e-^pda (ee a °S a n + T° V0 S^ V ] F T (T) + -S$F(T) = 4tt7J , (16) 
where 



e 'e"« [ 8C Matter 



16tt 



de a „ 



9 a 



dCMatti 

d(d a e\ 



(17) 



is the gravitational energy momentum tensor. Of course, if we consider the TG case that is 
F(T) = T then the gravitional equations reduce to 



T-2e- 1 d tJ (eT p f " y )^n 2 T^ 
which shows an equivalence between GR and TG since 

- R = T -2e- 1 d <J (eT p pa ). 



(18) 



(19) 



3 The FRW space-time 

We will assume a flat homogeneous and isotropic FRW universe with the metric 



ds 2 = -dt 2 



i(t) 2 J2(.dx*) 2 , 



(20) 



where t is cosmic time and a(t) is the scale factor. Then the modified Friedmann equations and 
the continuity equation read (see, e.g. [17], [18], [26]) 



-2TF T + F = 2K 2 p m , 
SHTFtt + (2T — AH)Ft — F = 2n 2 Pm , 
p m + 3H(p m +p m ) = 0. 



This set can be rewritten as 



-T-2Tf T + f = 2k 2 Pm , 
-8HTf TT + (2T-4H){l + f T )-T-f = 2 K 2 Pm , 
p m + 3H(p m +p m ) = 0, 



if we consider the following equivalent form of the action 

S = j d A xe[^(T + f(T)) + C m ], 



(21) 
(22) 
(23) 



(24) 
(25) 
(26) 



(27) 



where f — F — T. Some properties of F(T) - gravity were studied in [TH]-[3B]. The field equations 
[|24 l) -([2l) ]l are equivalent to 



M\F = 2k 2 Pm , 

M 2 F = -M 3 M 1 F = 2 K 2 Pm , 

M 3 p m = -Pm, 



(28) 
(29) 
(30) 
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where 



Mi = -2Td T + l, (31) 
M 2 = -8HTd TT + (2T-4H)d T - 1 = (4ff<9 T - 1)M X = -(— d t + 1)M X = -M 3 M U 

(32) 

M 3 = ^d t + l. (33) 

By using these equations we may construct high hierarchy of F(T) gravity. For the case p m = 
p m = such hierarchy is written as 

MfF n =0, (34) 

where F\ = F and (for n = 1, 2, 3) 

-2TF 1T + F 1 = 0, (35) 

4T 2 F 2TT +F 2 = 0, (36) 

— 8T F 3 xtt — 12T 1 F 3 xt — 2TF 3 x ~\~ F 3 = 0, (37) 

and so on. From the system (2.16)-(2.18) one has that any solution of the equation (2.16) automat- 
ically solves the equations (2.17)-(2.18). It means that by solving the equation (2.16), we have also 
a solution for the equations (2.17) and (2.18). Finally we introduce the effective EoS parameter 



' ] eff 



= -1 - Z^H-^iM^t = -1 - 3 _1 [ln(MiF)] N . (38) 



4 Specific models of F(T) gravity in FRW universe 

Some explicit models of F(T) gravity have recently appeared in the literature (see, e.g. |17) . 
US; ESJ; EH, [SO], [SI], ED, ED)- Here, we would like to present some new models of modified 
teleparallel gravity. 

4.1 Example 1: The M i3 - model 

Let us consider the Mi 3 - model. Its Lagrangian is 

n 

F(T) = Yl = "-™(t)T- m + ... + ^-iWT- 1 + u {t) + Vl (t)T + ... + u n {t)T n . (39) 

j=-m 

We consider the particular case where m = n = 1 and Vj = consts. Thus, 

F = v-iT~ l + vq + v-sT, F T = -v-iT~ 2 + Ftt — 2v-\T^. (40) 
By substituting these expressions into (2.9)-(2.10) we obtain 

3k~ 2 H 2 = p eff + p m , (41) 

~K- 2 (2H + 3H 2 )= Peff + Pm , (42) 

where 

p eff = K - 2 [SH 2 - l.bis-xT- 1 + Q.bviT - 0.5z/ ], (43) 

p eff ^ k- 2 [Qv^HT- 2 + l.bv- l T- 1 -Q.buiT + Q.bv a + 2{ui - 1)H - 2.H 2 ]. (44) 

The effective EoS parameter is given by 

_ pefi _ Qv-iHT- 2 + l.hv-iT- 1 - O.S^T + 0.5^0 + 2(^i - l)H - 3H 2 
Weff ~p7f~ f ~ m 2 - l.bv-iT- 1 + 0.5^T - 0.5^o ' 
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Let us set v\ = \. Thus, 

p eff = kT 2 [-1.5i/_iT -1 - 0.5f ], Peff = k~ 2 [6is-!HT- 2 + + 0.5^ ] (46) 

and 

_ Peff _ 6v-iHT- 2 + 1.51/-1T- 1 + 0.5m = _ _ &V-1HT- 2 
Weff p e ff -l.bv-rT- 1 -0.5^o l^-iT" 1 + 0.5^ ' ^ ' 

4.2 Example 2: The M 2 i - model 

Our next example is the M 2 i - model 

F = T + aT s In T. (48) 

Now 

F T = 1 + aST 5 ' 1 ]nT + aT 6 ' 1 , F TT = aS(5 - 1)T 5 " 2 InT + a(2<5 - 1)T 5 " 2 . (49) 
As a consequence, Eqs.(2.9)-(2.10) take the form 

-T -2aT s -a{25 -\)T 5 \nT = 2n 2 p m , (50) 

a(26 - 1)(T - 4 < 5ij)T' 5 - 1 InT + T - 4ff + 2q ! T' 5 - 4<xff(4<5 - l)!* -1 = 2k 2 Pto . (51) 

One has 

Peff = 0.5K~ 2 [2aT s + a(26 -l)T 5 ]nT], (52) 

p eff = -O^n^aT 6 ' 1 ^ - 1)(T - 4SH) InT + 2T - 4(45 - l)H}. (53) 

The special case 5=1/2 deserves a separate consideration. In this case the above equations take 
a simpler form 

— T — 2oT 0,5 = 2k 2 p mi T -4H + 2aT 5 -4aHT- - 5 = 2n 2 p m . (54) 
For the effective energy density and pressure we get 

Peff = K - 2 aT - 5 , p eff = - K - 2 aT-°- 5 (T - 2H). (55) 

4.3 Example 3: The M 22 - model 

Now we consider the M 2 2 - model 

F = T + f(y), y = tanh[T]. (56) 

Thus 

F T = l + f y (l-y 2 ), F TT = f yy (l - y 2 ) 2 - 2y(l - y 2 )f y (57) 
so that Eqs.(2.9)-(2.10) take the form 

-T-2(l-y 2 )T/ 2/ + / = 2K 2 Pm , (58) 

T — AH — 8(1 — y 2 ) 2 THf yv + (WyHT + 2T- 4H)(l - y 2 )f y - / = 2n 2 Vm . (59) 

We have 

Peff = 0.5«" 2 [2(1 - y 2 )Tf y - /], (60) 

Peff = 0.5«- 2 [8(l - y 2 ) 2 THf yy - (WyHT + 2T- 4H)(l - y 2 )f y + /]. (61) 
The EoS parameter reads 

8(1 - y 2 ) 2 THf yy - (WyHT + 2T- 4H)(1 - y 2 )f y + f 



w, 



eff 



2(1 - y 2 )Tf y - f 



, 8(1 - y 2 ) 2 THfyy (WyHT 4H)(l - y 2 )f y + / 
" 2(1 -y 2 )Tf y -f ' {b2) 
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4.4 Example 4: The M 2 5 - model 

In this subsection we will consider the M25 - model 



(63) 



where £ = InT. We take the case m = n = 1 and z/j = consts, namely 

F = V- X C l + ^0 + vi£. (64) 

Thus 

F c = -w_ 1 r 2 + Ki, F« = 2^_ir 3 (65) 

and 

F T = (-i/_!f 2 + i/i)e _€ , F TT = (2j/_ir 3 + ^-ir 2 -^i)e _2? . (66) 
In this case, Eqs.(2.9)-(2.10) lead to 

2i/_i£- a + v-if 1 + ^0 - 2i/i + z/ x £ = 2K 2 p m , (67) 
- 4ff(4i/_i^ -3 + ^-i£~ 2 - vi)e~t - 2z/_^- 2 - V-xC 1 + 2^i - i> - ^lC = 2n 2 Pm . (68) 

5 Noether symmetry in F(T) gravity 

In this section we want to present a brief review on Noether symmetry in F(T) gravity following 
to the paper 48 . Generally speaking, Noether symmetry is a power method to select models 
motivated at a fundamental level. It also allows to construct the exact solution of the model. We 
start from the point-like Lagrangian of F(T) gravity: 

C(a, a, T, f ) = a 3 {f~ f T T) - 6f T aa 2 - p m0 . (69) 

We now use the Euler-Lagrange equation: 

d (dC\ dC n 

where qi are the generalized coordinates of the phase space and qi = a and T. Then we have 



d 2 



a d f TT [T + 6— ) = 0, (71) 



f-f T T + 2f T H 2 + 4 ( / T " + ///, / J j = 0. (72i 
Hence as Jtt ^ we obtain 



a 2 



T = -6^r = -6H 2 (73) 
a 1 

that is the Euler constraint of the dynamics. Next using a/a = H 2 + H, we obtain 

A8H 2 f TT H - 4/ T (sH 2 + jj) - f = , (74) 

i.e., the modified second Friedmann equation. Now let us consider the Hamiltonian corresponding 
to Lagrangian C [35] : 

"-EH*-' < 75 > 

i 

so that 

H(a, a, T, f) = a 3 (-6f T £ - f + f T T + ^) . (76) 
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Assuming that the total energy H = (Hamiltonian constraint) and from Eq. (|75|) . we get 

12H 2 f T + f^^f (77) 

that is nothing but the first Friedmann equation. 

Now we want to present the Noether symmetry for F(T) gravity in the FRW metric case. To 
do it, we introduce the generator of Noether symmetry as [48] 

d d d ■ d 

x = "ai + ^ar + d dH + Pgr ' < 78 > 

where a = a(a,T) and (3 = /3(a,T). As is well known, Noether symmetry exists if the equation 

ix £ = X£ = „§ + ^+4 + 3 f = (79, 

has solution. Here L-^C is the Lie derivative of the Lagrangian C with respect to the vector X. 
The corresponding Noether charge reads as [35] 

_ \ dC dC n dC , 
Qo = > on— = a— + p—r- = const. (80) 
^r 1 oqi da dT 

From Eq. (J75J) and using the relations a = (da /da) a + (da/dT) T, = (dp /da) a + (d/3/dT) f, 
we come to the equation [4"5] 

(ON O 
af T + paf TT + 2afT-£)-12aaf^ ; = 0. (81) 

Now we impose that the coefficients of a 2 , T 2 and at in Eq. ([5T]) to be zero. Then we get [35J 

a % = ^ ( 82 ) 
<9a 

af T + f3af TT + 2af T — = 0, (83) 

Zaa 2 (f - f T T) - pa* f TT T = 0. (84) 

As is known, the constraint (|84[) is sometimes called Noether condition. The corresponding Noether 
charge looks like [35] 

Qo = —12afTaa = const. (85) 
From Eq. ([52)1 it follows that a = a(a). On the other hand, Eq. ([51)1 gives us 

MttT - 3a (/ - / T T) . (86) 

Hence we have 

f T T f^a^ - 2a) + 3a/ = 0, (87) 

which we recast as 

a da 3/ 



a da 2frT 

The last equations we split into two equations write as [48] 



nf-f T T = 0, (89) 
a da 3 
a da 2n 



a da 3 

= 0. (90) 



These equations have the solutions [48] 



f(T) = uT n , (91) 
a(a) = a « 1_3/(2n) , (92) 
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where fi and ao are real constants. So from Eq. (j8"o]l . we get 

P(a,T) = -^-a- 3 /^T. (93) 
n 

Finally we can conclude that the explicit non-zero solutions of f{T), a and j3 exists that means 
Noether symmetry exists. Note that Noether symmetry allows us to construct the exact solution 
of a(t) for the given /(T) model. For example, from Eq. (|8"5j) follows [IB] 

a Cl a = c 2 , (94) 

where 

3 r O -i 1/(2n_1) 

(95) 



3 1 

ci = 1 , c 2 = 

2n 



-12a /in(-6) ri - 1 



Its solution reads as 



a(t) = -(1 + Cl )(c 3 - c 2 i) 1/(1+Cl) = (-l) 1+2 »/ 3 • A (pat - c 3 ) 2 "/ 3 , (96) 
where C3 = conts. This solution describes the accelerated expansion of the universe as 

a(t) ~ i 2n/3 , (97) 

where its prefactor (— i) 1 + 2n / 3 . JL c 2 "/ 3 j s no t important. As is well-known, in order to get the 
expanding universe, the constraint n > is required |48j . 

6 The torsion-scalar model 

In this section we would like to study the F(T) gravity in the presence of matter whose lagrangian 
is 

L m = ^ 2 -V (0), (98) 

where is a scalar field and V((j)) the potential depending on (f>. The equations of motion assume 
the form 

-IT F T + F = 2k 2 [i e 2 + V] , (99) 

SHTFtt + (2T - 4H)F T - F = 2K 2 [^e<p 2 - V], (100) 

dV 

+ + = 0, (101) 

where e = 1 for the usual case and e = — 1 for the phantom case. From this system we get 

e0 2 = -8HTF TT - 4HFt, V = 4HTF TT - 2(T - H)F T + F, (102) 

where dot denotes the derivative with respect to the time. If we compare these equations with 
(2.14)-(2.16) we have 

P=\4 2 + V, v = l -eft-V. (103) 

For simplicity we restrict ourself to the case F = aT + /3T 5 . Thus, 

e<], 2 = -AaH, V = -aT + 2aH. (104) 

and 

w = -l + 4— . (105) 

Let us consider some examples. 
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6.1 Example 1: a = 5sinh m [/it] 

In our first example we consider the following form for the scale factor 

a = Ssmh m [nt}. 

As a consequence 

/i 2 m - 2 4a/i 2 m 



H = fj,mcoth[jj,t], H 



sinh [fit] esinh [/it] 

So we obtain 



b ± 2\/ — m log[tanh[^]], V" = 6amV coth 2 [^i] - 2 " M 2 W 



e OL 2 sinh 2 [ M t] 



_|_ <P-<PQ 

and the potential takes the form ( tanh[^] = e V^m 2 ™*- 1 ) 



± 



4>-4>o 



V = 3am 2 f i 2 [ 



1 + e V^ ! ~ 1 afi 2 m(l — e 1 ) 



2 



2e 

6.2 Example 2: a = Ooe^™ 



Let us consider the case a = aoe m + lt . Thus, H = St m and we have 

((/>- 0o)(m-f 
±4\/— aTO(5e 

such that 



We finally get 



to + 1 



V = 6a^[^-f° )(T " + 1) ]^r + H^^' 1 ']^. 
±4v— ar7i(5e _1 ±4v — ami 

6.3 Example 3: a = a t n 
The next example is given by 

a = aot n , 

for which 

i'i * n - 9 4cm , , „ / r, r i ± 

#=-, H = --, e<j) 2 = —, 0-</> o = ±2Vane- 1 ln[t], ( = e ^ 

and 

V = 2cm(3n- l)i~ 2 . 

The potential assumes the final form 

-r 



V = 2aw(3ri-l)e 
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7 The k-essence 

The action of k-essence reads [4"T]-[4"3"] 

S = J d A x^[^R + K{X,<j>) + L m ]. (117) 

The corresponding (closed) set of equations for FRW metric (2.8) is 

3k- 2 H 2 = 2XK X -K + p m , (118) 

- K - 2 (2H + 3H 2 ) = K+ Pm , (119) 

(K x + 2XK XX )X + mXK x - = 0, (120) 

p m + 3H(p m +p m ) =0, (121) 
where X = — (l/2)0 2 . The equation for the scalar field <f> is given by 

- {a^K x )t = a 3 K h (122) 

which corresponds to the equation (3.4). In the pure kinetic k-essence case we have = and 
from the last equation one has (see, e.g. [44] ) 



a 3 <j)Kx = a 3 y/-2XK x = ^ = const. (123) 

8 Models of k-essence for FRW universe 

In what follows we will present some new models of k-essence. All of they may give rise to cosmic 
acceleration. 

8.1 Example 1: The M 12 - model 

Let us consider the M12 - model with the following Lagrangian 

K = v- m {N)N- m + ... + v^N)^ 1 + v (N) + Ui(N)N + ... + v n (N)N n , (124) 

where in general Vj — Vj{4>) — Vj(N) and N = In (aa^ 1 ). We study the case m = 0, n = 2, Vj = 
const. The M12 - model becomes 

K = v + v ± N + v 2 N 2 . (125) 

To hnd Vj and X we look for H in the form 

H = l x Q + i x 1 N, (126) 

where fij = consts [in general fij = fij(t)]. This solution corresponds to the scale factor 

a = a Q e N . (127) 

Finally, we obtain the following parametric form of the M12 - model (parametric pure kinetic 
k-essence) 

K = -(2/^oMi + 3^o) - 2MMi + ^o)N - 3^N 2 , (128) 
X = k- 1 a 6 ti 2 1 {Lio + HiN) 2 e 6N . (129) 
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8.2 Example 2: The Mi - model 

Our next example is the Mi - model, whose Lagrangian assumes the form 

K = v_ m {t)r m + ... + v-ii^r 1 + vo(t) + vi{t)t + ... + v n {t)t n , (130) 

where in general Uj — fj((f>) — Vj{t). Let us explore this model for the case: m = 0, n = 2 and 
vj = consts. In this case the Mi - model takes the form 

K = v Q + Vl t + v 2 t 2 . (131) 

To find Vj and X we look for the following form of H , 

H = no + fJ.it (132) 

so that 

a = a e w,t+0 - 5M1 * 2 , (133) 

where \ij = consts [in general \ij = Hj(t)]. As a consequence, we obtain the following explicit form 
of the k-essence Lagrangian 

K = -(2/ii+3/^)-6 / u Mi£-3/i?t 2 . (134) 

We also have 

2XK X = 3ff 2 + K = -2H = -2 Mi . (135) 
For X we get the following expression 

X = 1 ^e^ t +^ t \ 72 - 1 = K - 1 a^?, (136) 

from which 

t = -r— [— 3^o ± J 9^0 + l n (72 A)]. (137) 

OfAl 

Finally, we reconstruct the M23 - model 

K = -2fi 1 - 3(4 - m ln[ 72 X] = v + v 1 In X. (138) 
[We recall that in general the M 2 3-model is read as 

K = V- m {t)C m + - + v-x (t)C -1 + Mt) + Mt)C + - + "n(t)C, (139) 
where ( = InX.] 

8.3 Example 3: The M 24 - model 

Here we present the M 2 4 - model 



2mXa 2 (-2/3v + Xv 2 + X)(l-v 2 ) mXajl - v 2 ) 2 

K ~ (p - Xvf 6[n f3-Xv 1 ' 



X = 73(2^ - Aw - A) 2 (l - v 2 ) 2 {fi - Xv) bm - 4 , (141) 

where 73 = K~ 1 a 6 m 2 X 2 a 6 , v = tanh[ert] and X,a,a, (3,n,m are some constants. Solving the 
equation (3.3) we obtain 

H = n _ mXa(l-v 2 ) 
p — Xv 

from which we derive the scale factor as 

a = a[/3- Xv] m e nt . (143) 

Note that 

• mXa 2 (2(3v-Xv 2 -X)(l-v 2 ) 

H= ■ ( } 
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9 The relation between F(T)-gravity and k-essence in the 
FRW universe 

In this section, we want to analyze the relation between modified teleparallel gravity and pure 
kinetic k-essence. In Appendix C, we will consider this relation in the context of general modified 
gravity theories. 

9.1 General case 
9.1.1 Version-I 

Let us consider the following transformation 

K = 8HTf TT ~ 2(T - 2H)f T + /, (145) 
X = n^k-^a 6 ^ + 0.5k 2 {p rn + p m )] 2 , (146) 
where T = -6iJ 2 . Thus Eqs.(2.12)-(2.14) take the form 

= -3k- 2 H 2 + 2XK x -K + Pm , (147) 

= k- 2 (2H + 3H 2 ) + K+p rn , (148) 

(K x + 2XK XX )X + mXK x = 0, (149) 

p m + 3H(p m +p m ) = 0. (150) 

These are the equations of motion of pure kinetic k-essence. This result shows that the field 
equations of modified teleparallel gravity and pure kinetic k-csscncc arc equivalent to each other. 
This equivalence permits to construct a new class of pure kinetic k-essence models starting from 
some models of modified teleparallel gravity. Let us see it for the following modified teleparallel 
gravity model: f(T) = aT n [T7]-[TH]. In this case, we have 

fr = anT n -\ f TT = an{n - l)T n - 2 . (151) 

Substituting these expressions into the equations (4.1)-(4.2) we get 

K = 8an(n - l)iJT™ _1 - 2an(T - 2H)T n - 1 + aT n , (152) 

X = K^k^a^H + 0.5fc 2 (p m +p m )} 2 - (153) 
Let us consider some specific case. 

i) If the scale factor behaves as a = a$e 9 ^ so that H = g, H = g, K and X take the form 

K = 8an(n - 1 6)"~ 1 <7 2( "~ x) - 2cm(™6<? 2 - 2g)(-6)"- 1 .9 2( "- 1) + a(-6) n g 2n , (154) 

X = K^k^^jj 2 . (155) 

If we now consider the simplest case g = t (it means, g = 1, g = 0), we get 

K = -2cm(-6)™ + a(-6) n = (1 - 2n)a(-6) n , (156) 

X = 0. (157) 

ii) A non-trivial model may be obtained from a = aot m . In this case H = mt ,H = 
-mt- 2 , T = and K and X take the form 

K = 8an(n 1)H(^)^ - 2an(^ - 2ff)(^)- 1 + a(=^)», (158) 

X = K - 1 k- 4 a 6 m 2 t 6m - 4 (159) 

or 

K = 2am(-6m 2 )"- 1 [-4n(n - 1) + 2n(l - 3m) + 3m]^ 2n , (160) 

X = n^k^almh 6 " 1 - 4 = ^H 6m ~ A . (161) 
Since t = (75 A) 6m - 4 we finally get the following pure kinetic k-essence model 

K = 2am(-6m 2 )"" 1 [-4n(n- 1) + 2n(l - 3m) + 3m](7 5 A)^kr. (162) 
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9.1.2 Version-II 

Let us rewrite Eqs.(2.12)-(2.14) as 

3k- 2 H 2 = Peff+Pm, (163) 

- k- 2 (2H + 3H 2 = p eff + p m , (164) 
p m + 3H(p m +p m ) = 0, (165) 

where 

p ef f = 2T/ T - /, Peff = SHTfxT - 2(T - 2H)f T + /• (166) 
We introduce the following two functions K and X, 

K = 8HTf TT -2(T-2H)f T + f, x = ^EIlI±llL, (i 67 ) 

Ka ° 

These functions belongs to the system of the equations (4.3)-(4.6). 

9.2 Specific case case: <p = (fi + lna ±v/T ^ 
One specific interesting case is given by 

<j>= c/)o + \na ±VT2 . (168) 



It deserves separate investigation. In fact for this case <j> — ±\fY2H so that X = — O.50 2 = —6H 2 = 
T. The corresponding continuity equation is 

kfr - 4> 2 f TT ) + 3 H4>f T = (169) 

or, in terms of T, 

(/ T + 2Tf TT )f + 6HTf T - 0, (170) 

where p' = 2T fx — /, p' = f and p' + 3H(p' + p') = 0. Let us split the equation (2.13) into two 
separate equations, 

4HTf TT - (T — 2H)f T = (171) 

and 

-AH + T - f = 2n 2 p m . (172) 

Eq.(4.27) is automatically satisfied since it is just an another form for the continuity equation 
(4.26). So we finally obtain the equation system for F(T) - gravity, which takes the form 

-T-2Tf T + f = 2K 2 Pm , (173) 
-4H + T- f = 2 K 2 p m , (174) 
(/ T + 2Tf TT )f + QHTf T = 0, (175) 

Pm + 3H(p m +p m ) =0. (176) 

After the identification T = X = —6H 2 and / = 2n 2 K 1 we recover equations (4.3)-(4.6) . So we 
can conclude that for the special case (4.24) both F(T) - gravity and pure kinetic k-essence are 
equivalent to each other at least at the level of the dynamical equations. Some remarks can be 
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observed from the continuity equation (4.25) [=(4.26)=(4.27)]. Two integrals of motion (Ijt = 0) 
appear: 

h = a^a 3 T°- 5 f T: h = f- a'T^fTd^ia^T- 5 ). (177) 

Their general solution is given by 

/ = C* 2 + idald^ia^T- 05 ), C 3 = const. (178) 

Finally we would like to present an exact solution for both F(T)-gravity and pure kinetic k-essence. 
Let us consider the ACDM model for which a~ 3 = —^(T + 2A) = —j^(X + 2 A) so that 

f = f(X) = f(T) = C 2 - (T 15 + 6AT 05 ) = C a - ^I(X 15 + 6AX 5 ), (179) 

which is the M32 - model. This is the exact solution of the equations of motion of pure kinetic 
k-essence and F(T) - gravity simultaneously. 



10 F(R,T) gravity 

We have just considered one generalization of F(T) in the presence of scalar field. In this section we 
would like to present another possible generalization of F(T) gravity, namely the so-called F(R, T) 
gravity. 



10.1 The M 37 - model 

The action of M37 - gravity is given by 



'37 



^—g[F(R, T)+£ m ], 



where C m is the matter Lagrangian, ej = ±1 (signature) and 

R = u + ag^R^, 
T = v + ezS p » v T% v , 



(180) 



(181) 
(182) 



Here u — u(Xi) gij , g\j , g'ij , fj) and v — v(xi', gij, g\j, g'ij, ■■■',gj) are some functions to be defined. 
Now we work in the FRW universe with the metric (2.9). In this case the curvature and torsion 
scalars can be written as 



R = w + 6ei(ij + 2H 2 ), 



T 



v + 6e 2 H 2 



(183) 
(184) 



where, u = u(t,a,a,a,'a , ...; /j) and v — v(t,a, a, a, 'a,. are some real functions, H = (In a)t, 
while fi and gi are some unknown functions related with the geometry of the spacetime. By 
introducing the Lagrangian multipliers we can now rewrite the action (12241) as 



£37 



dta 3 \ F(R,T) - A 



T — v — 6e2 _ 



7 



R — u — 6ei 



a a 



Lr. 



(185) 



where A and 7 are Lagrange multipliers. If we take the variations with respect to T and R of this 
action we get 

A = F T , 7 = F R . (186) 
Therefore, the action (|185|) can be rewritten as 



£37 = 



J dta 3 



F{R,T)-F T 



T — v — 6E2- 











~Fr 


R-u-6ei(-- 


-5). 













(187) 
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and 



Then the corresponding point-like Lagrangian reads as 

L 37 = a 3 [F - (T - v)F T -(R- u)F R + L m ] - 6( ei F fl - e 2 F T )ad 2 - 6ei(F fli? i? + F RT f)a 2 a. (188) 

We finally obtain the following equations of the M37 - model [33] : 

D 2 F RR + D 1 F R + JF RT + E 1 F T + KF = -2a 3 p, 

U + B 2 F TT + B 1 F T + C 2 F RRT + C 1 F RTT + CoF RT + MF = 6a 2 p, (189) 

p + 3H(p + p) = 0. 

Here 

D 2 = -6aRa 2 d, (190) 

L>i = 6e 1 a 2 a + a 3 Uad, (191) 

J = -6eia 2 aT, (192) 

E x = 12e 2 ati 2 + a 3 w d a, (193) 

K = -a 3 (194) 

U = A 3 F RRR +A 2 F RR + A 1 F R , (195) 

A 3 = -6eifiV, (196) 

A 2 = -l2eiRaa - SeiRa 2 + a 3 Ru hl (197) 

A\ = 12eia 2 + Geiad + 3a 2 a,Ua + a 3 iia — a 3 u a , (198) 

B 2 = 12e 2 faa + a 3 fva, (199) 

Bi = 24e 2 a 2 + 12e 2 ad + 3a 2 dva + a 3 v d -a 3 v a , (200) 

C 2 = -\2e ia 2 RT, (201) 

d = -6e ia 2 f 2 , (202) 

Co = -12eirad + 12e 2 i?ad-6eia 2 f' + a 3 flua + a 3 Tu (i , (203) 

M = -3a 2 . (204) 

The M37 - model J224|) admits some interesting particular and physically important cases. Let us 
see some example. 

i) F(R) - gravity. If the model is independent of the torsion, namely F — F(R,T) — F(R), 
and we assume that u — 0, the action (|224[) takes the form 

S R = J d 4 xe[F(i?) + L m ], (205) 

where 

R=e 1 g> lv R flu , (206) 
is the curvature scalar. We work with the FRW metric (|225[) . In this case R assumes the form 

R = 6(H + 2H 2 ). 

We rewrite the action as 

S R = J dtL R , 

where the Lagrangian is given by 

L R = a 3 {F - RF R + L m ) - Q^FRaa 2 - ^FrrR^cl. 

The corresponding field equations of F{R) gravity read 

6RHF RR - (i? - 6H 2 )F fl + F 
-2R 2 F RRR + [-4RH - 2R]F RR + [-2H 2 - 4a" 1 d + R]F R - F 

p + 3H(p + p) 





(207) 




(208) 




(209) 


p, 


(210) 


p. 


(211) 


0. 


(212) 
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ii) F(T) - gravity. Now we assume that the function F = F(R, T) is independent of the 
curvature scalar R and v = 0. In this case we get the modified teleparallel gravity - F(T) gravity. 
Its gravitational action is 

S T = J d 4 xe[F{T) + L m ], (213) 
where e = det (eV) = y/—g~- The torsion scalar T is defined as 

T = e 2i y^TV, (214) 

where 



TV = -< (fye* - 5,e; t ) , (215) 

K^ p = -\{T^ p -T v %-T p ^) , (216) 

V" = ~ + 5^T e % - 5 v p T 6 %) . (217) 

For a spatially flat FRW metric (|225|) . we have that the torsion scalar assumes the form 

T = T S = -6H 2 . (218) 

The action (|213[) can be written as 

S T = dtL T , (219) 



where the point-like Lagrangian reads 

L T = a 3 (F - F T T) - 6F T aa 2 - a 3 L m . (220) 
The equations of F(T) gravity look like 

12H 2 F T + F = p, (221) 
48H 2 F TT H - F T (l2H 2 + 4h) - F = p, (222) 
p + 'AH{p + p) = 0. (223) 

10.2 The M 43 - model 

In this subsection we consider the M43 - model which is one of the representatives of F(R,T) 
gravity. The action of M43 - model reads as 



S i3 - / ' <fixy/=g[F(R,T) + L, 



R = R a = e 1 gVR llv , (224) 
T = T s = e 2 S p ^TP^, 

where L m is the matter Lagrangian, e; = ±1 (signature), R is the curvature scalar, T is the torsion 
scalar. Let us consider the spacetime where the curvature and torsion are written by using the 
connection G x pv as a sum of the curvature and torsion, namely 

GV = e, x d p e\ + e/eW'v - r\„ + K\„. (225) 

Here is the Levi-Civita connection and is the contorsion. The quantities T 3 ifl and K\ are 
defined as 

r 'j'fc = -j9 lr {dk9rj + djg r k - d r g jk }, (226) 



and 



K£v = ~\ {T\u + + T vp A ) , (227) 
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respectively. Here the components of the torsion tensor are given by 



where 



T fiis — &i T- r fj,u ~~ -T r (228) 

T — v ~ Oi/G p, ~h r jfj,€? u r ji/G^ i^. (229) 

The curvature R p a^u is defined as 

R^a^,u ~ a-R jfiu — 3[iG P (jv Q V G P a^i ~\~ G P \^G a y ~ G P \i/G (j/i 

= R p ^v + d^K p av - + K" Xil K x av - K" Xv K x ail 

+T p ^K\ v - T p Xu K\, + T x av KP Xll - r^K? Xv , (230) 

where the Riemann curvature is defined in the standard way 

R p a ^ = W„ - d v r^ + ry*, - r^r^. (231) 

Now we introduce the curvature and torsion scalars, 

R = //"/.•,.• (232) 
T = S^TP,, (233) 

S pv = \ (k? + &»Tl V " S X") ■ ( 234 ) 

Now the M43 - model is written in the form of (I224[) . 

Now we want to present the M43 - model for the spatially flat FRW spacetime. In this case the 
metric assumes the form 

ds 2 = -dt 2 + a 2 (t)(dx 2 + dy 2 + dz 2 ), (235) 

where a(t) is the scale factor. In this case, the non-vanishing components of the Levi-Civita 
connection are 

pO pO -pO pi pi ri 

1 00 — 1 Oi — 1 iO — 1 00 — 1 jk — u ! 

T°- = a 2 HS lJ: (236) 

where H — (lna)t and i,j,k,... — 1,2,3. Let us calculate the components of torsion tensor. The 
non-vanishing components are given by: 

Tiio = T220 = T330 = a2 h, 

Ti 23 = T 231 =T 312 = 2a 3 f, (237) 

where h and / are some real functions. Note that the indices of the torsion tensor are raised and 
lowered with the metric, namely 

Tijk = gkiTi/. (238) 
Now we can find the contortion components. We get 

30-0, 

03 = h, 



K\ 


= K 2 20 


= K 3 


K x 01 


= K 2 02 


= K\ 


K 11 


= K 22 


= K° 




= K 2 31 


= K 3 


K\ 2 


= i^ 2 13 


= K 3 



(239) 



12 = -af, 
21 = af. 



The non- vanishing components of the curvature R p a ^v are given by 

i?°ioi = i?°202 = R Q 303 =a 2 (H + H 2 + Hh + h), 

i?°123 = -R°213 = i?°312 = 2a 3 f{H + h), 

R 1 203 = — R 302 = -R 2 3oi = —a(Hf + /), 

#212 - R 1 313 = R 2 323 = a 2 [(H + h) 2 - f 2 ]. (240) 
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Similarly, we write the non- vanishing components of the Ricci curvature tensor R^ v as 
R 00 = -3H -3h- 3H 2 - 3Hh, 

Ru = R22 = R33 = a 2 (H + h + 3H 2 + 5Hh + 2h 2 - f 2 ). (241) 
The non-vanishing components of the tensor S% v are 

-(h + 2h) = h, (242) 

(243) 
(244) 

(245) 

Tg^+T&l 2 . (246) 

Now we can write the explicit forms of the curvature and torsion scalars. One has 

R = 6{H + 2H 2 ) + 6h+l8Hh + 6h 2 - 3f 2 (247) 
T = 6h 2 - a- 2 f 2 . (248) 

For FRW metric, the M43 - model takes the form 

S43 = / d 4 x^j[F(R,T) + L m ], 

R = 6(H + 2H 2 ) + 6h + 18Hh + 6h 2 - 3/ 2 , (249) 
T = 6(h 2 -f 2 ). 

In this way, we have derived the M43 - model as one of geometrical realizations of F(R, T) gravity 
by starting from the pure geometrical point of view. 

11 Conclusion 

In this work we have presented a brief review on F(T) gravity. We have investigated generalized 
F(T) modified torsion models, that is, models in which the torsion gravity equations are extended 
to scalar fields. This study is a continuation of our investigation program of F(T) gravity |31j . 
We note that the GR case corresponds not only to the model F(T) = T, but also to our specific 
model F(T) = aT + (3T^ 2 , for which we obtain the same results. 

We also considered the recently developed F(T) gravity, which is a new modified gravity ca- 
pable of accounting for the present cosmic accelerating expansion. In particular, we presented 
some new models of F(T) gravity and k-essence. We analyzed the relation between F(T) gravity 
and k-essence. We also studied some new parametric models of pure kinetic k-essence. We also 
presented a short review on Noether symmetry of F(T) gravity. Finally we have considered some 
generalizations of F(T) gravity. 



and 



sl° 


- i<- 


sl° 


= si 


s 23 


- \(' 






s 23 


= si 1 



K™ + 5{T<j° - 8°TH V ) -- 
= S 3 3 = 2h, 
™ + 6 2 + 6!)=-L 

c-il _ c21 _ / 

' 27, 



rp rp\ QXQ I rji2 Q20 I rji3 q30 i rp23 Ql 

1 — J 10 D 1 +J20 J 2 ' J 30 D 3 1 J 2 
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